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Abstract 

A simple ansatz is proposed for neutrino and charged lepton mass matri- 
ces, within the framework of universal strength for Yukawa couplings. In this 
framework all Yukawa couplings have equal moduli and the flavour dependence 
is only in their phases. We take into account the solar neutrino deficit and 
the atmospheric neutrino anomaly, assuming three neutrino families only. The 
ansatz leads in a natural way to small mixing involving neutrinos of quasi 
degenerate masses, as required to explain the solar neutrino deficit in the non- 
adiabatic MSW solution, while having the large mixing necessary to explain 
the atmospheric neutrino anomaly. 



1 Introduction 

Presently the Standard Model (SM) enjoys quite a remarkable success when con- 
fronted with experiment. However, there is recent experimental evidence pointing 
towards physics beyond the SM in the leptonic sector, to wit, the solar neutrino 
deficit, the atmospheric neutrino problem, and the results of the LSND collabora- 
tion suggesting that neutrino oscillations might have been observed in an accelerator 
experiment. 
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The solar neutrino data obtained by several different experiments 0, indicate 
a deficit in the number of observed neutrinos by comparison to the Standard Solar 
Model (SSM) predictions for the solar neutrino fluxes 0. The solar neutrino deficit 
is explained in terms of oscillations of the electron neutrino into some other neutrino 
species. In the framework of the MSW mechanism there are two sets of solutions, 
the adiabatic branch (AMSW) requiring a large mixing (sin^26' ~ 0.65 ~ 0.85)0] 
and the non adiabatic branch (NAMSW) requiring a small mixing (sin^ 2^ ~ (0.1 ~ 
2) X 1O~^)0] with Am^ ^ (0.3 ~ 1.2) x 10~^eV^^. The small mixing solution seems to 
be favoured by the present data. In the framework of vacuum oscillation only three 
separate regions within a narrow range of parameters (Am^ = 5 — 8 x 10~^^eV^ and 
sin^ 29 = 0.65 - 1) are allowed 0. 

Several experiments have measured the ratio of the number of muon neutrinos by 
the number of electron neutrinos produced in the atmosphere through the decay of 
pions and kaons with subsequent decay of secondary muons . The combined results 
lead to, 

R= K/^'-.^W^ ^ 0.6 (1) 

where (^i/^/^j^jData is the measured ratio of muon-neutrino to electron-neutrino events, 
while {ni^^/ni,JsM is the expected ratio assuming no oscillations. This anomaly can 
be caused by oscillations of the atmospheric muon neutrinos into another type of 
neutrino with large mixing angle (sin^ 26 ~ 0.6 ~ 1.0, Am^ ~ (0.3 ~ 3) x 10~^eV^^). 

The LSND group has reported evidence for 17^ — z7g and — Ue oscillations p. 
However no other accelerator experiment confirmed their result thus strongly reducing 
the allowed parameter space. The resulting experimental constraints on neutrino 
masses and mixings are such that no combined solution to the solar, atmospheric 
and LSND results can be found in the framework of three neutrinos only, since the 
required neutrino mass differences do not satisfy the relation Am2i + Am|2 = Am|^. 
We have chosen to consider simply three neutrino families without additional sterile 
neutrinos and not to take into consideration the LSND data. 

Astrophysical considerations, in particular the possibility that neutrinos constitute 
the hot dark matter, favour neutrino masses of the order of a few eV 0, which 
combined with the above constraints leads to a set of highly degenerate neutrinos. 

In this paper we propose a simple ansatz within the framework of universal 
strength for Yukawa couplings (USY) which leads to quasi-degeneracy of neu- 
trino masses and provides a solution to the solar and atmospheric neutrino prob- 
lems. In USY all Yukawa couplings have equal moduli so that the flavour dependence 
is only contained in their phases. For the quark sector it has been shown [^J, |TD| 
that the USY hypothesis leads to a highly predictive and successful ansatz for quark 
masses and mixings. Various mixing schemes for the leptonic sector have been sug- 
gested |TT|. The possibility of quasi-degenerate neutrino masses has been recently 
considered in the literature in the context of some specific symmetry or ansatz. An 
important feature of our ansatz lies on the fact that it can accommodate in a natural 
way small mixing involving a set of highly degenerate neutrinos in the MSW solution 



to the solar neutrino problem while also having the large mixing necessary to explain 
the atmospheric neutrino data. 



2 Degeneracy in USY 

The USY hypothesis leads to neutrino mass matrices of the form: 



(2) 



where is an overall constant. Let us derive the conditions which should be satisfied 
so that the matrices of Eq. @) lead to at least two degenerate neutrinos. It is useful 
to introduce the dimensionless Hermitian matrix Hy = M^^Ml / Sc^^^ which can be 
written as: 
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where the off diagonal elements rjC*'^' are the sum of products of pure phase elements 
of M,/. 
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with analogous expressions for (-ff^)i3 and {H^)23. It can be readily verified that if at 
least two of the eigenvalues of H^, are equal, then the following relation holds: 
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where: 
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det{Hy) = A1A2A3 

xiHy) = A1A2 + A1A3 + A2A3 



(5) 
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and the Aj = 3mf/{m1 + + m|) denote the eigenvalues of H^. In the derivation of 
Eq.® we took into account that tr{H^) = Ai + A2 + A3 = 3. The invariants x ^ 
can be expressed in terms of and ipi, with all generality, as: 
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The following "spherical" parametrization for the is useful: 

n = [3(1 _;^/3)]l/2 sin^ COS0 

r2 = [3(1 -x/3)]^/2 sin^ sin0 
r3= [3(1 -;^/3)]i/2 cos^ 

with < 6', < |. From Eqs.(^ and (|), one obtains: 



sin^ 6 cos 9 ■ sin(20) • cos(v9i + ips - (P2) = ^ 

In the case of at least two degenerate neutrinos Eq. 
Eq.(H) leading to the condition: 
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can be combined with 



sin^ 9cos9 ■ sin(20) ■ cos((y9i + v^s - (P2) = ^ (10) 

which can only be satisfied for cos 9 = l/VS, sin(20) = 1 and cos((y9i + ^93 — {p2) = 1. 
Therefore, the necessary and sufficient conditions for H^, to have two degenerate 
eigenvalues are: 



V^i + V^3 - V^2 = (mod.27r) 



n = r2 = rg 

Within the USY framework, it can be shown that for matrices Mjy having at least 
two degenerate eigenvalues, there is a weak-basis where M^, has one of the following 
forms (modulo trivial permutations) 

- c. K 
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where K =diag(e*'^% 6**^^, e*"^^) and Cy is a real constant. 



The first two cases of Eq.([l^) are of special interest since for a = 27r/3 they 
lead to three degenerate neutrino masses, while for a 7^ 27r/3 they lead to only two 
degenerate mass eigenvalues. 



3 A Special Ansatz 



In order to have an ansatz with predictions for the leptonic mixing matrix, one has 
to specify the structure of the charged lepton mass matrix Mi together with the 
structure of M^. 

Our guiding principle is the assumption that all leptonic Yukawa couplings obey 
the USY hypothesis. Furthermore, we choose, within USY, the same structure of 
phases for the charged lepton and neutrino mass matrices. Guided by the above 
ideas we propose the following specific ansatz: 
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with Q, Cy real constants. 

The leptonic mixing matrix V appearing in the charged weak current is then given 

by 



V=Ul-U, (14) 

where the matrix Ui diagonahzes Mi Ml and the matrix Uy diagonahzes My Ml in the 
case of Dirac neutrinos Q Note that both Mi and M^ have only three parameters each. 
As a result, both Ui and Uy will be entirely fixed by charged lepton and neutrino mass 
ratios. Due to the observed strong hierarchy in the charged lepton mass spectrum, 
the parameters (a, &) will be close to zero. From the form of Mi in Eq.(]TBD one can 
derive exact expressions for the phases (a, h) in terms of charged lepton mass ratios. 
In leading order, one obtains: 

a = 3v/3^^^ 6=|!BM (15) 

In the neutrino sector, it was already pointed out that the square mass differences 
necessary to explain the solar neutrino data, together with the requirement that 
neutrinos constitute the hot dark matter, lead to highly degenerate neutrinos. The 
matrix My in Eq.(|l3|) leads to threefold degeneracy for a = /3 = 27r/3. Thus, it is 
useful to introduce the two small parameters e^^ , e^^ , defined by: 

« = f-e32-e,, ; /?=f + 2e3, (16) 

It is clear from this parametrization, that in the limit e^^ =0, one has for the phase 
j3 = —2a (mod 27r), and therefore one obtains in this limit the mass matrix M^ 
of Eq. (|I^) , with two exactly degenerate masses. Using Eq. (pTsP , one calculates the 
eigenvalues Aj of Hy = My Ml / Scy"^ as functions of a and /?, 
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where y = {2 cos(a) + l)/3 and x = (1/3) [3 + 2 cos(a) + 2 cos(/5) + 2 cos(a + /?)]^/2_ 
Then from Eq. (0) one can express e^^ , in terms of mass ratios. In leading order, 
one obtains: 

^ _ 3^3 ^"^ii 
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In order to evaluate the leptonic mixing matrix V , it is convenient to start by 
making a weak-basis (WB) transformation defined by: 



^If both Dirac mass terms (Mu) and Majorana mass terms for the righthanded neutrinos 
{Mr) are present, with the hght Majorana neutrinos acquiring mass through the seesaw mech- 
anism we identify My of Eq.(12) with the effective mass matrix for the hght neutrinos 
given by My = AIdM^^M]^ and, in this case, Uy is very approximately the matrix verifying 
My = Uy-dia.g{my^,my2,my^) ■ Uy 
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where 
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Obviously, after this WB transformation the charged leptonic weak current re- 
mains diagonal, real, i.e., V = 1. This WB transformation corresponds to writing 
in a "heavy basis" . Due to the strong hierarchy of the charged lepton masses, in this 
"heavy basis" all other elements of H'f^ are small, compared to the element (3, 3). The 
Hermitian matrix H[ can then be diagonalized, and one obtains in leading order: 
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In the neutrino sector, one has a drastically different situation. After the WB 
transformation of Eq.(|l9]), the first neutrino exactly decouples from the other two, 
i.e., (i/^)i2 = (^:,)i3 = 0. 

Furthermore, the mixing between the second and third neutrino state is large and, 
to leading order, independent of neutrino mass ratios, one obtains: 
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In Eq. 



the zeros are exact yet we have omitted in the other 



entries terms of the order Amii/Amlg- 
given, in leading order, by: 



Therefore, the leptonic mixing matrix is 
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4 Confronting the data 



Neutrino oscillations [jl3| have to be taken into account since neutrino experiments 
are discussed in terms of neutrino weak eigenstates rather than physical states. With 



the notation i^aip) for weak eigenstates and z/j(j) for mass eigenstates, the probabihty 
of finding z/^ at time t having started with z/q, at t = neglecting the effect of CP 
violation in the leptonic sector (real V) is given by: 



P{Ua Up) =< UlsWait) > ■ < Up\Ua{t) >' 



- 4 E Va^iVpiVajVpj ■ sin' 



4 E 



(24) 



where E is the neutrino energy, L is the distance travelled by the neutrino between 
the source and the detector, V is the leptonic mixing matrix given by Eg . ([l^) , and 



Am^j is defined by: 
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(25) 

The interpretation of the experimental data is presented in terms of two flavour 
mixing, in this case Eq.(p^) reduces to 
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hence the meaning of the experimental bounds presented in section 1. 

The translation of the bounds into the three flavour approach is quite simple for 
the experimental limits imposed on Am|-, with Am2i in the solar range and Amgg 
in the atmospheric range. In the case of the atmospheric anomaly it is clear that we 
can disregard the term in sin^[(Am2i/4)(L/£')] and we can approximately write 
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so that 



1 - P(Z/^ ^ Z/^) = P(Z/^ ^ Z/e) + P(^/m ^r) = 4 ( 1^23 V^23V^21 ^^21 + ^^22 1^221^23^^23) S 

(28 

and we identify 
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(29) 



In the case of the solar neutrino anomaly the range L/E is such that S in Eq. (^ 
can be averaged to | and we obtain 



1 - P(z/e ^ i^e) = 'iiVnVnUMs + Vi2Vi2V,3Vi3) ■ I + AVnVuV,2V^2 sm^[^^] 

(30) 

in our numerical example the first term of this equation is small so, as a result, we 
can identify 



sin" 29,^1 = WuVuVi2Vi 
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(31) 



Our ansatz can perfectly fit the experimental bounds as is shown by the following 
example. 

We choose as input the masses for the charged leptons, 



me = 0.511 MeV, = 105.7 MeV, = 1777 MeV (32) 

which correspond to the phases a = 0.0214 and b = 0.2662 of Eg. (p^) . For the 
neutrino sector, we choose, 



m 



V3 



2 eV, 



Am^^ = 9.2 X 10-*^ eV"2, 



5.0 X 10-3 e1/2 



(33) 



This fixes the values of the parameters e^^ = 3 x 10 ^ and e.^^ = 7.2 x 10 ^. With the 
above input we obtain for the leptonic mixing matrix V, without approximations: 



1^1 



0.9976 0.0692 0.0058 
0.0463 0.6068 0.7935 
0.0518 0.7918 0.6085 



Making use of Eqs.(|2^) and (pT]), Eq.(|3^) translates into 

sin^ 2eatm = 0.933 

and 



(34) 



(35) 



sin^ 2^301 = 0.019 



(36) 



These results are in agreement with the present experimental data. In this example 
the three physical neutrinos under consideration all have masses close to 2 eV. Note 
that the leptonic mixing matrix V, which differs significantly from the observed quark 
mixing matrix, was obtained having as input the charged lepton and neutrino masses, 
with no further parameters. 



5 Concluding remarks 

We have suggested an ansatz for the neutrino and charged lepton mass matrices, 
within the framework of universality of strength of Yukawa couplings. The ansatz 
has the same structure of phases for the neutrino and charged lepton mass matrices, 
with the only non-vanishing phases along the diagonal. Both M,y and have only 
three parameters each, two phases and an overall real constant. These parameters are 
completely fixed by the value of charged lepton and neutrino masses, which implies 
that the ansatz is highly predictive, with full calculability of the leptonic mixing 
matrix, i.e., V is completely fixed by charged lepton and neutrino mass ratios. We 
have shown that the ansatz naturally leads on the one hand to small mixing among z/g 
and z/^, z/t- associated to ~ 10"^ eV'^ thus explaining the solar neutrino deficit 

in the non-adiabatic MSW solution, and on the other hand leads to large mixing 
between z/^ and Ur, as required to explain the atmospheric neutrino anomaly. 



We find our results specially appealing, since one has an unified view of all Yukawa 
couplings, i.e., both quark and lepton Yukawa couplings have universal strength, with 
the flavour dependence being all contained in their phases. Furthermore, both in the 
lepton and quark sectors |jlO[ one has simple ansatze within USY, whose distinctive 
feature is having a number of independent parameters equal to the number of ele- 
mentary fermion masses. As a result, one has highly predictive schemes, with the 
fermion mixings expressed in terms of fermion mass ratios with no free parameters. 
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